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Abstract 

O ' Consistent couplings among a set of scalar fields, two types of one- 

forms and a system of two-forms are investigated in the light of the 
Hamiltonian BRST cohomology, giving a four-dimensional nonlinear 
gauge theory. The emerging interactions deform the first-class con- 
straints, the Hamiltonian gauge algebra, as well as the reducibility 
<D relations. 
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u 1 Introduction 



The Hamiltonian version of the BRST symmetry 0, |2j imposed itself as 
an appropriate setting for analysing various topics in gauge theories, such as 
its implementation in quantum mechanics (Chapter 14), or the appropri- 
ate correlation between the BRST symmetry itself and canonical quantiza- 
tion methods ||. Meanwhile, the cohomological development of the BRST 
method was proved to be a useful tool for approaching some less known 
aspects, like the Hamiltonian analysis of anomalies H, the precise relation 
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between the local Lagrangian and Hamiltonian BRST cohomologies 0, and, 
recently, the problem of obtaining consistent Hamiltonian interactions in 
gauge theories by means of the deformation theory |J. 

In this paper we investigate the consistent Hamiltonian interactions that 
can be added among a set of scalar fields, two types of one-forms and a 
system of two-forms in four dimensions, described in the free limit by an 
abelian BF theory [|7|, which result in a four- dimensional nonlinear gauge 
theory. This paper extends our results related to the two-dimensional case || . 
It is known that nonlinear gauge theories in two dimensions |§ are already 
important as they are related to pure two-dimensional gravitation theory JT0| . 
Indeed, when the nonlinear algebra is the Lorentz-covariant extension of the 
Poincare algebra, one recovers nothing but the Yang-Mills-like formulation of 
R 2 gravity with dynamical torsion, the so-called 'dilaton' gravity [fQ |. In this 
light, it appears quite clear that the derivation of nonlinear gauge theories 
in dimensions higher than two might bring significant contribution to the 
evolvement of a conceptual mechanism for the study of quantum gravity in 
higher dimensions from the perspective of gauge theories. 

Our strategy is as follows. Initially, we derive the Hamiltonian BRST 
symmetry of the abelian BF theory in four dimensions, which splits as the 
sum between the Koszul-Tate differential and the exterior derivative along the 
gauge orbits. Next, we solve the main equations governing the Hamiltonian 
deformation procedure on behalf of the BRST cohomology of the free theory. 
As a consequence, we find the BRST charge and BRST-invariant Hamiltonian 
of the deformed model. With the help of these deformed quantities, we 
identify the interacting gauge theory by analysing the resulting first-class 
constraints, first-class Hamiltonian and gauge algebra. 

Our paper is organized in seven sections. Section 2 briefly reviews the 
problem of constructing consistent Hamiltonian interactions in the framework 
of the BRST formalism. In Section 3 we derive the BRST symmetry of the 
free model. In Sections 4 and 5 we compute the deformed BRST charge, 
respectively, the deformed BRST-invariant Hamiltonian. Section 6 focuses 
on the identification of the interacting model. Section 7 ends the paper with 
the main conclusions. 
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2 Main equations of the Hamiltonian defor- 
mation procedure 

It has been shown in || that the problem of constructing consistent Hamilto- 
nian interactions in theories with first-class constraints can be reformulated 
as a deformation problem of the BRST charge f2 and of the BRST-invariant 
Hamiltonian Hqb of a given "free" first-class theory. If the interactions can 
be consistently constructed, then the "free" BRST charge can be deformed 
as 

n ^n = n + g J dP- x xu x + g 2 J d D ~ l xuj 2 + o (V) 

= Q + gQ 1 + g 2 Q 2 + o(g 3 ), (1) 
where Q should satisfy the equation 

[fi,fl]=0. (2) 
Equation (g) splits accordingly the deformation parameter g as 

[fi o ,fio]=0, (3) 

2[n ,fii] = o, (4) 
2[n ,n 2 ] + [n 1 ,n l ] = o, (5) 



Obviously, equation (|j) is automatically satisfied. From the remaining equa- 
tions we deduce the pieces (Qk)k>o 011 accoun t of the "free" BRST differen- 
tial. With the deformed BRST charge at hand, we then deform the BRST- 
invariant Hamiltonian of the "free" theory 



Hob ^H B = H m + gJ dP^xh + g 2 J d D ~ l xh 2 + O (<? 3 
H B + gH l +g 2 H 2 + O(g 3 ), (6) 



and require that 

[H B ,n] = o. (7) 

Like in the previous case, equation (|7|) can be decomposed accordingly the 
deformation parameter like 

[tfoB,^o]=0, (8) 
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[H aB ,n 1 ] + [H 1 ,n ] = Q, 
[H aB ,sh] + [H 1 ,n 1 ] + [H 2 ,n ] = o, 



(9) 
(10) 



Clearly, equation (]8|) is again fulfilled, while from the other equations one 
can determine the components (H^) k>0 by relying on the BRST symmetry 
of the "free" model. Once the deformations are computed, special attention 
should be paid to the elimination of non-locality, as well as of triviality of 
the resulting deformations. 

3 BRST symmetry of the free theory 

We begin with a free model that describes an abelian four- dimensional BF 
theory involving a set of scalar fields, two types of one-forms and a collection 
of two-forms 

s [A«, h;, Va , sf] = / d\ (a^. + > ( n ) 

where the notation \pu] signifies antisymmetry with respect to the indices 
between brackets. The above action is invariant under the gauge transfor- 
mations 

MS = <V a , S e H; = d^, 5 tVa = 0, 6 e B>? = d p er, (12) 

which are off-shell second-stage reducible, where the gauge parameters e a , 
e* and e^ vp are bosonic, the last two sets being completely antisymmetric. 

After the elimination of the second-class constraints (the co-ordinates of 
the reduced phase-space are z A = (jr®, A^, B% u ,p l a , H®, 7r?-, y> a ))> we are left 
with a system subject only to the first-class constraints 

G?>=*2«0, Gf = -ftfl?«0, (13) 
G^ a ee vr« « 0, Gg )a = » 0, (14) 

7^ = p* « 0, 7 i 2)l = -9Va « 0, (15) 
and displaying the first-class Hamiltonian 

H Q = J d 3 x (H^ + B^Gf a + A^Gf) , (16) 
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in terms of the non- vanishing fundamental Dirac brackets 



7T a °(t,x),^(t,y) = -<^ 3 (x-y), 



B° a %x),A b J (t,y)}=-5}5 b a S 3 (x-y), 
[HS(t,x),<p b (t,y)] = -5S6 3 (x-y), 
Kj(t, x), 5«(f , y)] = -Ul5f5 l ]5* (x - y) , 



(17) 

(18) 
(19) 

(20) 

(21) 



[p*(t,x),flj(t,y)j =-^(x-y). 

The above constraints are abelian, while the remaining gauge algebra rela- 
tions are expressed by 



H ,Glf a ] =G\f a ^r(2)« 



0, 



= ^ 

la i 



H , G l3 



0, 



= 0. 



(22) 

(23) 
(24) 



The constraint functions G\f a are first-stage reducible, with the reducibility 
functions given by 

' ^ ^ (25) 



Z aklm - 2^^[ fc ^^m]' 



while the constraint functions 7^ 2 - )l are second-stage reducible, where the 
first-, respectively, second-stage reducibility functions read as 



(26) 



We mention that all the reducibility relations hold off-shell. 

The Hamiltonian BRST formalism requires the introduction of the ghosts 



v ai = {c«,vT ) , rf* = (q;- fc ) , 

together with their conjugated antighosts 

v = (vW v {1)a v (2)a pW* p( 2 )^ 

' ao y a ' ' a ' ' ij ' ' ij > a ' A a J ' 



(27) 
(28) 

(29) 
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r ai = (Pi j ,n jk ) , v a2 = (pT)- (so) 

In (^- |28|) , the fields r] a ° and if 2 are fermionic, with the ghost number equal 
to one, respectively, to three, while r/ ai are bosonic, of ghost number two. 
The ghost number is defined in the usual manner as the difference between 
the pure ghost number (pgh) and the antighost number (antigh), where 



pgh (z A ) = 0, pgh (7f°) = 1, pgh (V ao ) = 0, (31) 

antigh (z A ) = 0, antigh (rj a °) = 0, antigh (V ao ) = 1, (32) 

pgh(?7 ai ) = 2, pgh(P ai ) = 0, (33) 

antigh (r/ 11 ) = 0, antigh (V ai ) = 2, (34) 

pgh(?f 2 ) = 3, pgh(P a2 ) = 0, (35) 

antigh (rf 2 ) = 0, antigh (V a2 ) = 3. (36) 
The BRST charge of the free model under discussion takes the form 

no = / d 3 x (y^w + v ^gw + v ^G\f a + n^Gif* + cf a T p 

+C\ 2)a ^ + C^P™ + rtf%pffi + <% h &pM) , (37) 
while the corresponding BRST-invariant Hamiltonian is 

H b = H + J d*x (rj^V^ + C\ l)a P^ + v£ )ij V§ )a ) ■ (38) 

The BRST symmetry of the free theory, s« = [•, Qq], splits as 

s = 8 + ~/, (39) 

where 6 denotes the Koszul-Tate differential (antigh (5) = — 1, pgh (5) = 

0), and 7 represents the exterior longitudinal derivative (antigh (7) = 0, 
pgh (7) = 1). These two operators act on the variables from the BRST 
complex like 

Sz A = 0, 5r] ao = 0, 5r] ai = 0, 5r] a2 = 0, (40) 

= -<> = ^ 5PM = - P l a , 6PW = &<p a , (41) 

5V^ a = -4, 5V^ a = \d {i A% 5P* = -d^P™, (42) 
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5Vt jk = -d {l V% a , 5P? k = -&P£ h \ (43) 

lB°: = drf™, 7 B« = tf* 7 J3? = 7 #o = -«9*Cf )a , (45) 

7r? (l)a = 7r? (2)a = 7C (Da = ^ = ^ (4g) 

7 Cf )a = -2&C a ir = -39 fc ^. fc , 7^' = Zd h rfi\ (47) 

7 ^f = o, 7 C». fe = 0, 7^0 = 0, 7 7> 0l = 0, 7 ^a 2 = 0. (48) 



The last formulas will be employed in the next section for the deformation 
of the free theory. 

4 Deformed BRST charge 

In this section we approach the equations that govern the deformation of 
the BRST charge by relying on cohomological techniques. As a result, we 
find that only the first-order deformation is non-trivial, while its consistency 
reveals the Jacobi identity for a nonlinear algebra. 

4.1 First-order deformation 

Initially, we solve the equation (^), which is responsible for the first-order 
deformation of the BRST charge. It takes the local form 

sco, = dd\ (49) 

for some local f . In order to investigate this equation, we develop uj\ ac- 
cording to the antighost number 

u>i —UJ\ + u 1 H h Wi, antigh I ui I = I, (50) 

where the last term in the last formula can be assumed to be annihilated by 7, 

7 \Ji= 0. Thus, we need to know the cohomology of 7, H (7), for computing 
the piece of highest antighost number in (|5Ti|). From the definitions of 7 
acting on the generators of the BRST complex (see the relations (|4~4}-|4"8|)), 
we remark that H (7) is generated by 

= (F~ = d^A^tpa, 7r a ,pl tt£, d t B :) , (51) 
7 



together with their spatial derivatives, by the antighosts (|2H|-|3"UD and their 
derivatives, as well as by the undifferentiated ghosts r/( 2 ) a , rfj k and C^ k . 
Consequently, the general solution to the equation 7a = can be written 
(up to a trivial term) as 

a = a M ([$"] , [V ao ] , [V ai ] , [V a2 ]) e M ( V ® a , rjg h , (% k ) , (52) 

where e M (rj^ a ,rfj k , C? fc ) stands for a basis in the space of the polynomials 
in the ghosts. The notation / [q] signifies that / depends on q and its spatial 

derivatives up to a finite order. As antigh y^ij = J anc ^ S n 1 1^ = 1j ^ 
follows that pgh ( Wi) = J + 1. Thus, using (|52~D , it results that the general 



(J) 

solution to the equation 7 o> x = is 

{ u\= aj ([<&«] , [Poo] , , e J+1 (r/ 2 ><\ 7?f , C£ fc ) , (53) 

where antigh (aj) = J. 

The equation ( ^9|) projected on antighost number (J — 1) reads as 

jc {J) (J_1) a i / r- « \ 

5 a; ! +7 w 1= dirt. (54) 

For the equation (|54]) to possess solutions (in other words, for ^ a; \ to exist), 
it is necessary that the functions aj belong to Hj{5\d), where Hj (8\d\ 
means the homological space containing objects of antighost number equal 
to J that are ^-closed modulo the spatial part of the exterior space-time 
derivative d. Translating the Lagrangian results from |12[ at the Hamiltonian 
level, we have that 

Hj (5\d) = 0, for J > 3, (55) 
so we can assume that the development Q50) stops after the first four terms 



(0) , (1) , (2) , (3) fK R \ 

(3) 

where 10 1 results from (|53| ) with J = 3. In the meantime, the most general 



representative of H 3 (^5\ctj is given by 



a 3 = k m (*Lp«* - /g-J?^ ~ T J ¥ L irPlHP*) , (57) 
\dip a d(p a dip b d(p a dLp b d(p c J 



with kijk some antisymmetric constants, and U an arbitrary function that 
depends on <p a , but not on their derivatives. Now, we can completely de- 
termine the last component in (0). On the one hand, the elements of 
e 4 ( 77^°, rf£ ' k , Cfjj^J can be written in the form 

C? jk V {2) \ vTvt fk ',vTv i2)b V i2)c , V {2)a V {2)b V {2)c V {2)d . (58) 

On the other hand, we ask that the resulting deformations are covariant and 
independent of the space-time dimension. In view of this, the second and 
fourth elements in (B^) should be discarded as they need a three-dimensional 
antisymmetric symbol in order to be glued to (|57|). Then, we obtain that 

0) IfSMt^u S 2 M, 



bcpijk _ S Mg c p(2)[ipjk] 



4 I S(p d d SLp d 5ip e 



63M bc p(2)< p(2)j p(2)k\ „(2)fe„(2)c ( ggg pij k 

3 2W ab p (2)[i pjk] S 3 W ab (2)i (2)j n(2)k\ r a J 2 ) 6 

7 7 r c r d ~r r r r c r d r e ^ijk'l J 



(59) 



where Mg c and W a b depend on (p a , with Mg c antisymmetric in its lower indices. 

(3) 

With ui i at hand, we pass to determining the piece of antighost number two 
from the first-order deformation. It obeys the equation ( |54| ) with J = 3, that 
leads to 



<fy> c S(f c S<f d 
1 / ^tepij ^M fe a c (2)i p( 2)A /I (2) (2)6 (2)c 



+2 {^P^T + W ab Vt jk ) (60) 



The equation P9| ) projected on antighost number one becomes 

uJi +7 u>i= o rrii, (61) 
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which further yields 

0(p c 

-Ml (v^V {2)b vt - rft A^f + Iv^v^) . (62) 

Acting in the same manner in relation with the equation that governs the 
antighost number zero element of uo\ 

d w t +7 W!= a li, (63) 

we arrive at the solution 



(0) 



1= ~W ab (HSv {2)b + cf )a A u ) - Ml (b^A* + ■ (64) 



In consequence, we succeeded in finding the complete form of the first-order 
deformation of the BRST charge for the model under study. 

4.2 Higher-order deformations 

Next, we investigate the consistency of the first-order deformation, described 
by the equation @. In view of this, by direct computation we find that 
[Q 1} fix] = J d 3 xA, with 

rabc, i r^abc^abc r^abc $ ^abc jzabc & ^abc 



,jjabcj.d I Tjabc abc , j jabc abc , jjabc v abc ( PX.\ 

+ U d l abc~l~ U de ~c <~U de r- - rU d f - - - , [00) 

0f e Otpediff Jy b(p e b(pfb(p g 



where we made the notations 



Td , jxr bW bc , bW ca 



tabc = W dc M d ab + W da —^ + W db —^, (66) 

btfd bip d 

8 ML 

tbc = W e[a ^ + M d e[a Ml ]l (67) 
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K abc = C ai jk ^)b V c_ k _ AV$ b A c k] ) + H^rf 2 * - 2C ( i 2)a r 1 ^ b A a 
+C% (2A H A cj + v ^ b V {2)ci3 ) , (68) 

Kf c = -2P$A^^ h - 6C?- fc Pj 2)< A* A ck + \c**P$T*$rfn h 
+ (P {2)l c\ 2)a - (%Pj> + PfC^) v^r}^ + 2C^P d[ij Al^\ (69) 

= - (Ct^P^ + Pf )[i Pi k] Ct jk ) V {2) W 2)C 
+6PP i pWC? jk r,V b A° k , (70) 

Ktf = -P^P^Pr^ k V (2 N 2)c , (71) 

U? c = V^AfA^ - rti k A1A)A% + 2 V f ry^Pg^ 

+ (^V ,c - ^A c + rg*V$° + Vt ]k rft) V {2)a V {2) \ (72) 

Uf e c = - (2 J B rf0iJ P e (2)i - + ^ W) ^VV 06 



3! 

+3P£ ) vfr 1 ^A«A b k 

+ ("^^1 + vfP$Mt + \rftPe[i3 A l]) V {2)a V {2) \ (73) 

+^ C W^ (2) ^ 2) V 2) V 2)6 , (74) 

The equation (j|) requires that [f2i,f2i] should be s-exact. However, none of 
the terms in (|55|) is so, hence A must vanish. This takes place if and only if 

t abc = 0, t d abc = 0. (76) 
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The solution to ( |7B|) reads as 



^ = ^t, (77) 



where, in addition, the antisymmetric functions W a & fulfill the identity 

W e[a ^ = 0. (78) 

In consequence, the consistency of the first-order deformation of the 
BRST charge implies that the functions W a b are antisymmetric and check 
Jacobi's identity (f78|) corresponding to an open (nonlinear) algebra. Fur- 
ther, we can take f2 2 = 0, the remaining higher-order deformation equations 
being satisfied with the choice 

tt k = 0, k > 2. (79) 

This completes the approach to the deformed BRST charge of the free model 
under discussion. 



5 Deformed BRST- invariant Hamiltonian 

In order to analyse the deformation of the BRST-invariant Hamiltonian (|3S 
we initially solve the equation (§). By direct computation we get that 

^W ah _ p (2)ip{2)j p (2)k \ (ja (1)6 _ 1 ( $ M bc pijk 



5ip c 5<p d 5<p e c d 6 ; ' 2\6<p, 

52M bc piWpjk] _ ^ M bc p(2)i p(2)j p{2)k\ ( 2 )6 (l)c 

6<p d 8<p e d ' 5tp d 5{p e 5(pf d f j a% 3 

( Wtpg P^Lp^p^A ( C a (1)6 3C a Qk A l 
1 / 5M£ ■ 5 2 Mg. (2)i p (2)A / (2) (2)6 (l)c , 1 (1) (2)6 (2)c 

2\5ip d d 5ip d 6(p e d ^ )V aijV V + 2 V ^ V V 
+3r ]aijkV ^ h d k A c + 3 VaijkV ^ b A ck 
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+3 *Mkjf) i p {2)dk (1)6 + M a Lf^Vr _ p(2). (2)6 (1)<A 

_ ^6p(2)i (^(1)^(2)6 + cj2). (i) 6 + aSi^CS) 

J -^Pf )l ( W 2) V 1)C + ^a^V* + ^7$V 1)6 

-W ab (HSv {1)b - &H?rfn b + C\ l)a A u + cf )o 9*4) 

-M£ (X°V 2)6 ^ + Bfr] (1)b A c i - d^^A) 

W^A^Al + ^A'A^y (80) 



which offers us the first-order deformation of the BRST-invariant Hamilto- 
nian as 




vif^Al + ^V 2) V 2)c + 3 Vaijk A b A« 
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+ -PW Ac B ij (2)b _ I p(2) A c „(2)ijAb\ 



1 

2 



-W^A* - -MlB^A\Al. (81) 



In (|8~0H3l]) and further the functions M£ c are expressed as in (|77|) . 

Now, we pass to the equation (|i~0l). After some computation, we infer 
that [Q 1 , Hi] = J d 3 xA, where 

-x- -jrpabc, -j^abc^tabc , -jjabc 8^t a \ )c . -j-pabc ^^abc 

+ AT d — - + K de — — + iW 



<5^ d e 8ip d 8ip e e/ 5ip d 8(p e Sip f 

• 8t„h„ -^abc 8 t„u. -^rrrabc 8^t„ 



1 J7 abc +d 1 Tf abc abc , Tf afec r a&c , T7 abc r a6c / C o\ 
+ t abc + U de^ r O > def - ^ U defgT 7 7 > l°^J 



where the following notations were employed 

K abc = H a ^ h A c » - cP a A b A ci - 2 [c^A b V {2)cij - C? jk A b V cl]k ) , (83) 

Kf = {Pf ]i C? )a - + PfCt 3k ) v^Al + ipf 

+ (c^P^ - C^'P^ + 2P$ PjjfC"**) Aq, (84) 

= p ( 2 )i p ( 2) , (aq-^c* _ c^WMg) _ p^p^c^ai, (85) 

= -P^P^Pf'Ct^A^ (86) 

= i {^AtA) + vP v {2)a v {2)b + 2nf (pg )o 4 + */ 2)6 ^)) 

i^v 2)o ^ (2)6 + v^ a A) pt - 4^ (2)c , (87) 

uf: = \ (2PpB m - ps%> + p: j % ijk ) V (2)a V (2)b A c 

+ {^d 2)c - \P$4) BU 2)a V {2)h + W« 
+^ (^4^ )l ' j - WW*) + 44^o, (88) 
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+ p(2)ip(2)i Q Bd .. 77 (2)a 7? (2)6 77 ( 2 )c _ ^..^(2)^6^ (gg) 
^e/ 9 = ^^^^V^^N^^ (90) 

Using (|76|) , we find that A = 0, hence we can set H2 = 0. The remaining 
equations are then satisfied for 

H k = 0, fc > 2. (91) 

In this way, the deformed BRST-invariant Hamiltonian is also completely 
computed. 

6 Interacting theory 

At this point, we are in the position to identify the deformed gauge theory 
corresponding to the starting free model. Putting together the results de- 
duced so far, it follows that the complete expression of the deformed BRST 
charge consistent to all orders in the deformation parameter is 

bi 



n = / d 3 x (r/ 1 ^ + cfy Q + - cf )a (aVa + g w ab A 

Sip, 



+V i2)a ( -ftB? - 9^B^A\ + gW ab H t 



_L(2)tf I B r A a + n 5 -^ A b A c \ 

+c* ( ePifM - g 5 -^p^ A m _ 2gWabP 

+tfik ( 8rV (2)a _ n ^^ A c v (2)b _ 3 5 2 W bc p {2) 



(2)bij 



~ g6 jt ( + ^ 2 V 2) V 2)C + p^c^ 

9 S 2 W bc 
2 5tp a 5(p d 

+C* (dVpM + g^±A b ^P^ + 2gW ab V bijh 

J V S( Pc 



(PP l B a0tV {2)b V {2)c + P^A^ v ^ 
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5ip c d(p d ' 5ip c J 

g ( s 2 w bc . m c (2 ), (2 )A n ( 2) (2)6 (2)c 

' 4 \5ip d dip a 5(p d d(p e dip a 

$ 4 W bc p (2)i p ( 2 )j p(2)k\ ( 2)6 (2)c 



_^ f ^b pijk _ 62W ab p(2)[ipjk] 



while that of the BRST-invariant Hamiltonian can be written in the form 
H B = J d 3 x (-H9 (&ip a + gW ab A bi ) 

~ 2 B a \ V[i A j]+9 ^ A i A jj 

+A a (-d lB °: - 9^B«:A\ + gW ab H^ 
+^Pi 2 ^ (H^ b - Gf )a A b ) 

+ a ( 8 3^ V c + p(2)p(2)e\ ijfc Ab 
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+ 



S 3 W, 



p(2)i p (2)j 



9 ( 8>W bc r „ 

2 \5(p a 5(p d d 5(pJ(p d 5cp/ d lf , 



+9 



'5W r 



Sip, 



5(p c 5(p d 



9 ( S 2 W bc pijk _ 5 3 W bc pi 2)[ ipjk] 
2 \5tp d 5tp a d S(p d 8(p e 5p a d 



$ 4 W bc p (2)ip(2)jp(2)k 

5(p d 5(p e 5(pf5ip a d 



^J^abpijk _ $ 2 W ab p (2 )\ipjk] 

5 3 W ab 



5ip c 5ip d S(p e 



5ip c 5ip d 



(93) 



From the terms of antighost number zero in (|92| ) we see that only the 
secondary constraints are deformed as 



7=7(2) _ t n ^ b nOi 
u a = 



(D t ) a °B^ + gW ab H b ^0, 
0. 



Ti (2)a 



.if" 

2 13 



= _D Va « 0, 



where we employed the notations 



( A) a b = S a % + g^A* 
d(p b 

D^ a = d l if a + gW ab A b \ 



(94) 

(95) 
(96) 

(97) 

(98) 
(99) 



The pieces linear in the antighost number one antighosts show that some of 
the Dirac brackets among the new constraint functions are modified as 



7=y(2) 7=7(2) 



'5W, 



S(f c 



5(p c 5(p d 



Mi 



(100) 
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7=7(2) W2)b 



(SW, ac { 2)c 1 PW a c {2 ) ^ 



<fy>c 



;ioi) 



(102) 



The elements linear in the antighost number two antighosts yield the de- 
formed first-stage reducibility relations under the form 



-yaij jy{2)b -^ab (2)i _ „ 
^bklm^ij "I" ^klmilb — U ' 

-^ijkl-^(2)b -ybij (2)k n 

where the associated first-stage reducibility functions read as 

^bklm — 9 \ [ k J b °l°m]i ^klmi 



A8ip a 8ip h 



yijkl 



with 



ZT = -9W ab (g ik g jl - g il g jk ) , Z% = (d^ 5$, 



(103) 
(104) 

(105) 
(106) 
(107) 



The antighost number three terms underline that the second-stage reducibil- 
ity relations 



-ybili2is-yCjlj2 rk _| -yhi2l3jlj2j3-ybc -k _ 

<4 „„■.„•„ A uu J c +Zj ab ^hhrikJc — 



aj \j2 bk 



-g ( 2 SWab C {2)b[hi2 + ^ Wab 7y(WiA bi2 f d 



5ip c 



S(p c 5(f d 



(108) 



-ybiii2t3-yjij2kl „ c -yhi2i3j\32j3-ybkl _ c 

^ann^bc Jki + ^ab ^chnxJki ~ 

2 ^ / 6[i 1 i 2 W2)i 3 ] j (109) 

dif c 

hold on-shell, where / c fe and are arbitrary smooth functions, the latter be- 
ing antisymmetric in their spatial indices, where the second-stage reducibility 
functions are given by 

Za^-lM^SS, (110) 



-^■H«2«3jlj2j3 




) tr g*l3cr(l)g ls3 "(?)g lS MS) 



111) 



In ( Hip , S3 signifies the set of permutations of {1,2,3}, and (— ) <J means 
the parity of the permutation a pertaining to S3. Now, we investigate the 
modified BRST-invariant Hamiltonian (|9"B|). The component of antighost 
number zero 



h = J d 3 x (HfiM + m/c'if + A a G { ? 



112) 



represents nothing but the new first-class Hamiltonian, while the terms linear 
in the antighost number one antighosts give the deformed gauge algebra 
relations 



77(2) 



(113) 



9 



5W r 



ah 



+9 



5 2 W, 



ab 



5ip c 5(p d 



dip 



H.G 



(l)a 



TT 7^( 2 ) a 



9 



2 ^c 7 d [i A i; 



try , 

1 £ 2 w ft , 



/ a 1 



dip c 



(114) 

(115) 
(116) 
(117) 
(118) 



At this point, we show that the resulting deformations are nontrivial. It is 
known that trivial deformations can be eliminated by some field redefinitions 



J A 



+ g\ A + (g 2 ) , 



;ii9) 



where X A and the higher-order contributions are in general nonlinear func- 
tions of z A . Now, we invoke the requirement of locality, that plays a key 
role in quantum field theory. In view of this, we cannot stress enough that 
the field redefinitions ( p. 19] ) should be local, because otherwise we cannot 
transform the deformed theory into the initial free one, which essentially are 
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both local. Initially, we focus on the deformations of the constraints. Due to 
the fact that only the secondary constraints are modified, we mainly restrict 
ourselves to this case. Under the redefinition ( [L19| ), the first-class constraints 



(]94}-|96|) transform like 



G (2) ^ G >(2) = _ 9iB 0i _ gd . <■*> +gfa fA\ + Q f g 2\ „ ^ (120) 



G% a - Gf Q = -Ifl^ - §<% ^ + O i/) ~ 0, (121) 

7^ - 7i 2)j = - ^ A a (z A ) + O (/) « 0, (122) 

where the functions denoted by / do not contain derivatives of the fields, 
and are obtained from (|94]-|96|) via (|119| ) (their concrete form can be easily 



written down, but it is not illuminating in this context). Requiring now that 
the redefined constraints lead back to those of the free theory, namely, the 
latter constraints in (|T3|-[15D, we find at order one in the coupling constant 
the equations 

- di ( A a +/„ (z A ) = 0, (123) 
~ fa A j} +ftj {z A ) = 0, (124) 

- j ( A a +f a (z A ) = 0. (125) 

As the functions f a , and /* do not involve the derivatives of the fields, 
it follows that the last equations cannot be satisfied by some local functions 

(BY (A) a ( V ) 

A a , A i and A a - This means that we cannot perform a local transformation 
of the fields that switches the deformed constraints to their initial form, so 
the constraints of the interacting theory are indeed nontrivial. Regarding 
the reducibility functions, it is simple to see that the deformed functions 
(|105H106|) and ( |110Hlll|) reduce to the original ones (^5|-[26|) if and only 



if W a b (ip a ) = 0. However, the last equations cannot be implied by any 
field redefinition, so the reducibility functions of the coupled model are also 
nontrivial. Related to the deformed first-class Hamiltonian ( |ll2p , we observe 
that it is a combination of deformed first-class constraints, so the result that 
the modified first-class constraints cannot be brought to their initial form 
by a local field redefinition then passes on to the first-class Hamiltonian. 
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In conclusion, the Hamiltonian deformation of the free model under study 
results in a nontrivial gauge theory with an open (nonlinear) gauge algebra. 
As the first-class constraints generate gauge transformations, we expect that 
the Lagrangian gauge transformations of the resulting theory are modified 
with respect to the initial ones. 

After some computation, we find that the Lagrangian action of the inter- 
acting theory is expressed by 

S[Al, H;, <p a , = / d*x (H^D^ifa + \B!H%^ , (126) 
and it is invariant under the gauge transformations 

M^^V, (127) 



SeH^ = {D ) b£lM ,-g—e 



+ lp^L A ^ AdP + g p^Ls A * B (128) 
2 dtpadtpb 0(p a d(p b 

5 eVa = -gW ab e\ (129) 

5 € B? = (D p ) a b er + gW ab e b ^ - g^ e b B^. (130) 

As we have anticipated, the deformation of the initial gauge transformations 
(see (|i~2"D ) is essentially due to the deformation of the first-class constraints. 
The gauge transformations of the interacting model are also second-stage 
reducible, like the original ones, but the reducibility relations take place on- 



shell. We observe that neither the interacting action ( |126| ), nor its gauge 
transformations, contain the four-dimensional antisymmetric symbol, as ex- 
pected. Moreover, although the gauge structure of the coupled model in 
four dimensions is richer than that of the one in two dimensions 0, the La- 
grangian in (|126|) has the same expression. This emphasises the possibility 
to construct nonlinear gauge theories also in dimensions higher than four. 



7 Conclusion 

In conclusion, in this paper we have investigated the consistent Hamiltonian 
interactions that can be introduced among a set of scalar fields, two types of 
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one-forms and a system of two-forms in four dimensions, which are described 
in the free limit by an abelian BF theory. Our procedure relies on the defor- 
mation of both BRST charge and BRST-invariant Hamiltonian of the free 
version of this model. Related to the deformation of the BRST charge, we 
find that only its first-order deformation is non-trivial, while its consistency 
reveals the Jacobi identity for a nonlinear algebra. Concerning the deforma- 
tion of the BRST-invariant Hamiltonian, we infer again that only its first- 
order deformation is non-vanishing. From these two deformed quantities we 
derive the first-class constraints, accompanying reducibility functions, first- 
class Hamiltonian and modified gauge algebra relations of the interacting 
model, which is precisely a four-dimensional nonlinear gauge theory. This 
is an example of deformation that modifies the gauge transformations, re- 
ducibility relations, as well as the gauge algebra. This result generalizes the 
two-dimensional analysis exposed in M in the sense that although the gauge 
structure of the four-dimensional model is richer, the Lagrangian of the in- 
teracting theory has an expression similar to that from the two-dimensional 
case. In this light, there is hope that it would be possible to use our deforma- 
tion procedure in order to construct nonlinear gauge theories in dimensions 
higher than four. 
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